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The problem J

Find the interactions
| [ X1 | X2 Xn .

between the d variables

v
Data
X X5 e NO,X=0"1 ©®: precision matrix
Gaussian model (Conditional dependencies)
Framework:

e high dimension : d is large
e Sparsity in ®



GLASSO approach

Naive estimator of ® (MLE): )y (Not sparse)

Graphical Lasso
I.e., {1-penalized maximum likelihood estimator

Oar, = arg min {— log det(®) + (EAI, ®)+ )| |17OH} :
®>0
S = = > xux

=1
H(")Hl,off = ZK]‘ ‘@ij|

A @ regularization parameter

Memory cost : O(d?) (storage of 3\])
Computational cost : O(d?).



Sketching approach (compression) J
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Sketching approach (compression) J
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'Questions :

@© How to define s? (ldeally : ||®|lg < m < d?)
Q@ Sketch : is it efficient (computation and memory)?
@ Practical decoder?

D Is it efficient?
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Sketching approach (compression) J
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Random Rank-One Projections (ROP) J

A T

(ID(X) =m1 (<A17 XXT>7 cee <Am7 XXT>)

with A¢,...,A,, random d X d matrices.

_ S Noisy linear measurement of X..
s=1 3 O(x;) =m 1 ({A;,2)); = AX) ’

e} (Compressed Sensing, Inv. Pb)



Random Rank-One Projections (ROP) J

A 1

d(x) =m1 ((Al, x| AL XXT>)
with A¢,...,A,, random d X d matrices.

= Noisy linear measurement of X..
2 [jEC | P . it b/
2 z; ®(x;) =m™((A;,%)); = A(X) (Compressed Sensing, Inv. Pb)

Computational and memory cost of ®(x):

Comp. X Memory €

A ; full rank O(md?) O(md?)
A ; rank one
=TT 172 S i
(I)<X) = (lal X| I 1S ’amX’ )
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Borrowing from Compressed Sensing [Fr13]

6 - 1 [FR13] Foucart and Rauhut, A Mathematical Introduction to Compressive Sensing, (2013)



Borrowing from Compressed Sensing J

n

=15 ®(x;) =m (A, E)); = AZ)

1=1

Definition: Restricted Isometry Property (RIP).

The sketching operator A satisfies RIP(9, &), if for every 31,35 € & C Sy,

(1= 9)[%51 = 35| < [JA(X:) = A(Z2)|| < (14 0)[[351 — 3.

Consequence :

“Optimal Decoder” : =* 2 arg min || A(X) — s

>es
GRS 2 {2 =0, ® =X is (d+ 2k)-sparse, spec(® }
|AM)|| = AMM)][1 and [[M]| defined from L(a) s. [H ( )] = [IM].

()7 - Bl < CB2|T* — B < 225L|AS) — A®)] |
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Theoretical recovery guarantees

s

G bb £ {£>-0, ©= > is (d + 2k)-sparse, spec(®) C la,b]} .
|AM)|| = || AM)||; and ||M|| defined from L(a)

st. E[[AM)]]:] = |[M]].

l

Theorem : [VIL.GG23]

Vo €]0,1[, 3C = C(4,b/a) s.t. whenever

A satisfies RIP(d, Sy 4.5) with high probability.

: i.d.
Let A be our sketching operator and ay,...,a,, ~

m > C(d+ 2k)logd,

Gaussian or Unif. on S,.




Theoretical recovery guarantees J

P T

Sk.ab = {£>-0, ©= > is (d + 2k)-sparse, spec(®) C la,b]} . ]
IAM)|| = [[A(M)||1 and [[M]| defined from L(a) s.t. E [[[AM)||;] = |[M]].

Theorem : [VIL.GG23]

Let A be our sketching gperator and ay,...,a,, "4 Gaussian or Unif. on Sd-
Vé €]0,1], AC = 0(5 s.t. whenever

m > C(d+ 2k)logd,

A satisfies RIP(d, Sy 4.5) with high probability.

Ghoap ¢ Spro = {T >0, ©® =X is (d + 2k)-sparse, x(©) < Ko},
C(d,b/a) «— C(d, ko)

(-2



Practical limitations

[Encoding]

m > C(d + 2k)log d

Comp. ¥ | Memory €
Aj full rank | O(md?) | O(md?)
A rank one O(TCD O(Td)
Aj =ajaj O(dQ_log d) C’)(dQ_log d)

[Decoding]

“Optimal Decoder”:

>* 2 argmin || A(Z) — s|
6

(Unsolvable)



Practical limitations

[Encoding]

m > C(d + 2k)log d

Comp. ¥ | Memory €
Aj full rank | O(md?) | O(md?)
A rank one O(T‘D O(Td)
Aj = ajaj O(dQ_log d) C’)(dQ_log d)
Structured A;|O(mlogd) | O(m)
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[Decoding]

“Optimal Decoder”:

>* 2 argmin || A(Z) — s|
6

(Unsolvable)

— lterative algorithm
(inspired by Proximal Gradient Descent)

<



In practice (Encoding)

Reformulate : ®(x)

By

= L (Ax)®?

3

Bi = d_§

. .:tl . .:tl .

H H H

Hadamard matrix : H = H,,
Hy Hyg

H; = (1), Hy = <Hk _H,

)

J

|

Hz can be computed in O(dlogd), without storing H (fast Hadamard Transform).

Structured A

Comp. Memory
O(mlogd) O(m)




Experiments

Erdos (d = 256)
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Conclusion

Perspectives:

e Extending the theory to structured sketching operators.
e Guarantees for the practical decoder? (convergence? to what?)

e A more efficient practical decoder?

e Can we recover only properties of the graphs (e.g., clusters)

Preprint:
Compressive Recovery of Sparse Precision Matrices,
Vayer, L., Gribonval, Gongalves (2023)
(arXiv:2311.04673)
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Preprint:

Compressive Recovery of Sparse Precision Matrices,
Vayer, L., Gribonval, Gongalves (2023)
(arXiv:2311.04673)

Thank you for your attention.
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In practice (Decoding)

A more practical decoding scheme:
F(2) 2 L A(E) — |2 (sketch fidelity)
o0 >0
Y1 =% -V f(E) (gradient descent step)
Y41 = GLASSO, (X, 1]  (denoising)
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In practice (Decoding)

A more practical decoding scheme:
F(2) 2 L A(E) — |2 (sketch fidelity)
o0 >0
Y1 =% -V f(E) (gradient descent step)
341 = GLASSO,[%, 1]  (denoising)

Link with (Bregman) Proximal Gradient descent:

argming {f(z)+ g(x)}

Init. xg
Tepr =T — YV f(@4) (gradient descent step)
Ti41 = Proxy(Tyy1) (proximal step)

A ;
k = arg min,, {g(U) o %HU L H%}
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In practice (Decoding) J

A more practical decoding scheme:
F(2) 2 L A(E) — |2 (sketch fidelity)
o0 >0
Y1 =% -V f(E) (gradient descent step)
341 = GLASSO,[%, 1]  (denoising)

Link with (Bregman) Proximal Gradient descent:

argming {f(z)+ g(x)}

Init. xg
Tepr =T — YV f(@4) (gradient descent step)
Bop 1= proxg(:nH%) (Bregman proximal step)

A\ = arg min,, {g(u) +Dh(u\azt+%)}

GLASSO,[Z] 2 argmin {\[|X7 |1 o + Dr(Z|%) with h(X) = — log det X }
>0
12 -3



Recipe of the Proof J

13

[Rewrite the RIP:

RIP(6, G ap) < [JAU) 1 — 1/ <6, VU € S[Ga

. A =
Normalized secant : S[Gk q.] = {ﬁ, 3,35 € Gk,a,b}




Experiments

d = 64, m = 1536 (compression 25%)

14

Empirical cov. Z. 1 = 8000
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